
Homework 7
Oka Tatsushi 1

Problem11.1

a

Mmerits of including yi,t−1 in the model
The merits of including yi,t−1 are two holds. First is to allow for state

dependency; current state may depend on last period’s state. Secondly the
past level of unemployment may well work as a proxy variable to capture
unobserved characteristics of a city.

Assumpution for pooled OLS
x̃it = [zi, xit, yit, progit]
Assumption1: E[x̃′

ituit] (orthogonality)
Assumption2: E[x̃′

itx̃
′
it] is nonsinglur.

b

Considering the equation with AR(1) serial correlations,

yit = θt + ziγt + xitβ + ρ1yit−1 + δ1progit + uit

uit = ζuit−1 + vit

Then,

E[yit−1uit] = ζE[u2
it−1].

As this shows, the orthgonality condition is violated, and thus pooled OLS
estimators are inconsistent by the existence of uit’s serial correlation

However, the fact doesn’t necessary mean that the model is of limited
value. The reason for this is that using IV renders consistent estimators of
this model.

c

yit = θt + ziγ + xitβ + δ1progit + ci + uit

Under the strict exogenity assumption, E[uit|Zi, Xi, progit] = 0, the causal
effect of training program on unemployment rate is consistently estimated.

1E-mail: cg042ot@srv.econ.osaka-u.ac.jp; Corrections were made by Daiji Kawaguchi
on Dec. 12, 2002
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d

The model would be

yit = θt + ziγt + xitβ + ρ1yit−1 + δ1progit + ci + uit

Under the sequential exogenity assumption, E[uit|xit, , , , xi1, ci], we can con-
sistently estimate the model.

Firstly, taking first difference results in

4yit = 4θt +4xitβ + ρ14yit−1 + δ14progit +4uit,

and estimate the model by 2SLS or GMM using lagged yit as instruments for
yit−1.

Problem11.3

yit = βxit + ci + uit

ÿit = βẍit + üit

β̂FE =

∑
ẍitÿit∑
ẍitẍit

plim β̂FE = E(ẍitÿit)
E(ẍityit)

=
E((ẍ∗it+r̈it)ÿit)

E((ẍ∗it+r̈it)(ẍ∗it+r̈it)

=
E(ẍ∗

it + r̈it)(ẍ
∗
itβ + üit)

E(ẍ∗
it + r̈it)(ẍ∗

it + r̈it)

E[ẍ∗
it + r̈i]

2 = E[ẍ∗
it]

2 + 2E[ẍ∗
itr̈i] + E[r̈it]

2 = var(ẍ∗
it) + var(r̈it)

E(ẍ∗
it + r̈it)(ẍ

∗
itβ + üit) = βvar(ẍ∗

it)

Thus,

plimβ̂FE =
βvar(ẍ∗it)

var(ẍ∗it)+var(r̈it)
= β

var(ẍ∗it)+var(r̈it)−var(r̈it)

var(ẍ∗it)+var(r̈it)

= β(1− var(r̈it)

var(ẍ∗
it) + var(r̈it)

)

Problem11.4

a
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yit = βxit + ci + uit

ci = yit − βxit − uit

µc = Eci = Eyit − βExit − Euit = Eyit − βExit

By replacing population means and β with β̂FE,

µ̂c = N−1
N∑

i=1

T−1
T∑

t=1

(yit − β̂FExit)

= N−1
N∑

i=1

(ȳi − β̂FEx̄i).

b

yit = βxit + git + ci + uit

First difference tranformation gives

4yit = β4xit + gi +4uit

µg = Egi = E4yit − βE4xit − E4uit

= E4yit − βE4xit

In the manner of Part A,

µ̂g = N−1
N∑

i=1

(4̃yi − β̂FE4̃xi)

Problem11.16

a

It is possible to use FE estimation or FD estimation in order to estimate
β, since the necessary assumptions for a consistent estimation, a strictly ex-
ogenity and a standard rank assumption, are guaranteed. Estimation by
random effects, on the other hand, requires additional assumption; an unob-
served heterogeneity and regressors should not be correlated.

b
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yit = γzi + xitβ + ci + uit

E(yit|zi, xi, wi) = γzi + xitβ + E(ci|zi, xi, wi) + E(uit|zi, xi, wi) but since

E(ci|zi, xi, wi) = δ0 + δ1wi + x̄iδ2

and

E(uit|zi, xi, wi) = 0,

E(yit|zi, xi, wi) = γzi + xitβ + δ0 + δ1wi + x̄iδ2

c

The result of part b implies that γ is identified by a pooled OLS esti-
mation. The estimation requires two assumptions for consistently. As men-
tioned at problem11.1, one of which is an orthogonality condition, the other
is nonsiglarity of the regressors’s second moment.

d

As going along with hint, the variance of error term is

j′jσ2
a + Iσ2

u

This error structure implies GLS random effects estimateion renders efficient
estimaors.

Problem11.17

â = N−1 ∑N
i=1(z

′
izi)

−1z′i(yi −Xiβ̂FE)
â− a = N−1 ∑N

i=1(z
′
izi)

−1z′i(yi −Xiβ̂FE)− E[(z′izi)
−1z′i(yi −Xiβ)] but,

E[(z′izi)
−1z′i(yi −Xiβ)] = E[(z′izi)

−1z′iyi]− E[(z′izi)
−1z′iXi]β

= E[(z′izi)
−1z′iyi]− E[(z′izi)

−1z′iXi](β − β̂FE + β̂FE)

= (E[(z′izi)
−1z′iyi]− E[(z′izi)

−1z′iXi]β̂FE) + E[(z′izi)
−1z′iXi](β̂FE − β)

{using (β̂FE − β) = [N−1 ∑
Ẍ ′

itẌit]
−1N−1 ∑

Ẍ ′
itüit + op(2), }

= (E[(z′izi)
−1z′iyi]− E[(z′izi)

−1z′iXi]β̂FE)

+E[(z′izi)
−1z′iXi](N

−1
∑

Ẍ ′
itẌit)]

−1N−1
∑

Ẍ ′
itüit + op(2)

Thus,

4



â−a = N−1 ∑N
i=1(z

′
izi)

−1z′i(yi−Xiβ̂FE)−(E[(z′izi)
−1z′iyi]−E[(z′izi)

−1z′iXi]β̂FE)

−E[(z′izi)
−1z′iXi]E(Ẍ ′

itẌit)]
−1N−1

∑
Ẍ ′

itüit + op(2)]

By replacing population moments with sample moments and neglecting op(2)

term, ̂â− a = N−1 ∑N
i=1{(z′izi)

−1z′i(yi −Xiβ̂FE)

−(N−1
∑

[(z′izi)
−1z′iyi]−N−1

∑
[(z′izi)

−1z′iXi]β̂FE)

−N−1
∑

[(z′izi)
−1z′iXi]N

−1
∑

(Ẍ ′
itẌit)]

−1Ẍ ′
itûit}

= N−1
N∑

i=1

{(ŝi − â)− ĈÂ−1Ẍ ′
iûi}

Because
√

N(â− a) ∼ N [0, avar((âi − ai)],

âvar(
√

N(â− a)) = N−1
N∑

i=1

[(ŝi − â)− ĈÂ−1Ẍ ′
iûi][(ŝi − â)− ĈÂ−1Ẍ ′

iûi]
′
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